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Bayesian Optimization—based Experimental Design with Multi-output Gaussian Process
Regression to Obtain Specific Powder Particle Size Distributions
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This paper proposes a Bayesian optimization—based method for optimizing operating parameters in powder
processing to achieve desired particle size distributions with a few experimental trials. Such optimization has become
increasingly important in recent years due to the trend toward strict quality requirements. A difficulty in applying
Bayesian optimization to this task is that the objective variables (i.e., the particle size distributions) are probability
distributions, which are required to satisfy the normalization condition. We overcome this difficulty by predicting
percentiles using multi-output Gaussian process surrogate models. Experiments on actual equipment showed that the
proposed method can provide sufficiently optimized parameter values without either expert knowledge or detailed
process modeling. In addition, this paper examines the potential of grey-box modeling for overcoming the limitations of

our machine learning approach in extrapolation.
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Fig. 1 The posterior predictive distribution of the target variable y
obtained via Gaussian process regression. The observed data
{x;,y;]i =1,--,16} indicated by the crosses are given. The
RBF kernel was used as the kernel function for nonlinear
regression. Line represents the expected value of y, and
gray area represents the 95% confidence interval calculated
from the posterior mean and the posterior variance
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Fig. 2 An overview diagram of ACM. The pulverizing rotor
pulverizes the feed material, and the fine particles pass
through the classifier rotor

Air flow
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g IModel 3 e V) ] Dy =201
S| e e =8| @41 3 2 Loss against Dygpa= 11
A A ~ Dgrs= 5.4
D — - > : : the target KL, ¢
Cumulative probability Particle size
Target PSD
MOGPR model =
3 =
x> Awogm}—> 2% A
<2 o
Physical+MOGPR model g~
Ponysica @_’ Particle size )
ez - y
YResidual
Optimization
Acquisition function: Optimization method:
Lower confidence bound Differential Evolution
LCB(x) = pu(x) — f - o(x) Xneyt = argmin(LCB)
XEX

Fig. 3 A schematic diagram of our Bayesian optimization to obtain the desired particle size distribution. The
diagram shows the structure of regression, evaluation function, acquisition function, and optimization

Train regression models

| Estimate ¢ of f,,hysical using data D = {X, ¥} by maximum likelihood method

v

| Estimate 0 of fy;opr Using residual {X, ¥y ) by maximum likelihood method |

Bayesian optimization

| Choose candidate points X, i Using DE |<—

Estimate the predictive distribution of p¢. jidaie fFOM Xy gigaee USing trained

fPhysical and fyocer

Calculate LCB of KLD against the target PSD ¢

Meet the termination condition of LCB
on DE?

| Substitute X, giqae INtO-experimental points Xy |

Process powder

| Operate the powder processing machine by x |

Break the rated current and power of the
machine?

| Prepare xy . iy Which includes 7, not to reach the rated values of the machine | | Set X e 10 Xnext Fix

| Operate the powder processing machine by Xy i and get PSD yy }a—l

l

| Update observed data D« DU Xy, VxiexiFint |

Meet experimental PSD yy . rix With
target PSD #?

Fig. 4 Flowchart of our Bayesian optimization to obtain the desired particle size distribution. It is divided
into three phases: training regression model, Bayesian optimization, and operating powder
processing equipment
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Fig. 7 The operating parameters of MOGPR and Physical+tMOGPR model on numerical
experiments. (a) is MOGPR model, and (b) is the result of Physical+MOGPR model.
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zation. “Suggested point”’s of N, O, and R are not shown in the figures because they
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Nomenclature

B : covariance matrix -] X : experimental parameters space [-1
b : element of B in Eq. (6) [-] X . vector of explanatory variable []
c : constant vector in Eq. (13) -] X Candidate - candidate experimental parameter for experiment
d, : particle size corresponding to m% percentile [um] [-]
diag yecior — maix(’) © function transform from vector to Xnext - suggested experimental parameters for next
diagonal matrix [-] iteration [-]
D : number of dimensions of explanatory variable [—] Xnextrix © adjusted downward experimental parameters for
Dy (-I")  : afunction of Kullback-Leibler divergence [—] next iteration -]
fgpr()) : afunction of Gaussian process regression -] y . vector of particle sizes at each percentile [-]
fmogpr(") @ a function of multi-output Gaussian process Y Next : vector of particle size gotten at next iteration  [—]
regression -] YNextrix - vector of particle size gotten under X nex Fix [-]
F : feeder speed [kg/h] v . scalar of target variable [-]
GP(,") : Gaussian process -] Yy : jth element of y [um]
k(-,-") : kernel function -] z : any positive real number -]
L : number of dimensions of target variable -] : variable for lower confidence bound in Eq. (16)
/ 2RBF . a length scale for radial basis function kernel in and Eq. (17) [-]
Eq. (8) [-] & . vector of observation noise [-]
N . classifier rotor speed [rpm] & . scalar of observation noise [-]
p : probability distribution -] . vector of parameter in MOGPR model in Eq. (9)
p() : probability density function of p -] [-]

q : probability distribution -] Héonsmm . coefficient for constant kernel in Eq. (8)
q() : probability density function of ¢ -] 9imear . coefficient for linear kernel in Eq. (8) [-]
s : vector of particle size distribution -] HZRBF : coefficient for radial basis function kernel in Eq.
s; : jth element of s -] ®) []
(0] . air flow volume [m?/min] K : vector of constant in Eq. (7) [-]
R : pulverizing rotor speed [rpm] u() . expected value function of evaluation index in Eq.
R : the entire set of real numbers -] (16) [-]
t : vector of target particle sizes -] (") . standard deviation function of evaluation index in
L : jth element of ¢ [um] Eq. (16) []
w . vector of constant in Eq. (7) -] o’ : variance of observation noise [-]
638 LIRS
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